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1. Operators on Banach and Hilbert spaces

Exercise 1.17. Prove that the inner product of a pre-Hilbert space is continuous
in each variable, and that the norm is a continuous function.

Solution. We show that the inner product (-, -): H — C is continuous in the first
variable, and the other proof is similar. Fix then x,z € H and € > 0. Let § := ﬁ If

y € H is so that ||x — y|| < J, the Cauchy-Schwarz inequality yields
[(x,2) =¥, 2)| = (x —y,2)| < [lx = yllllz]l < Sllzll = €

and thus x — (x, z) is continuous, for all z € H.

For the norm, fixx € H and € > 0. It is enough to take 6 := ¢, because if |[x—y|| < I,
then
il = Myl < [le =yl < & = e.

Exercise 1.27. Let A € B(X) and X be a Banach space. Prove that if 1 € p(A),
then (A — AI)~! is defined on the whole space X. Conclude that when X is Banach,
A € p(A) if and only if A — AI is a bijective bounded operator.

Solution. By assumption 1 € p(A) so Im(A - A[) is dense in X. It suffices to prove
it is also closed. To this aim, we appeal the next lemma:

Lemma. Let X be a Banach space and let A € B(X). Assume there exists C > 0
so that ||Aul|| > C||u|| for any u € X. Then Im(A) is closed in X.

Proof of the lemma. Let (Auy)nen € Im(A) be a sequence converging tov € X. In
particular, (Au,),en 1s Cauchy in X, and since

1
”un - um” < EHAun - Am”

for any n,m € N, we see that (u,),en 18 also Cauchy in X. As X is complete, it has a
limit, that we call u. From the boundedness of A, it follows that

v=1lim Au, = A(lim u,) = Au
n—oo

n—0oo

and v € Im(A), which is therefore closed in X. O

We can now finish the exercise. Indeed, as 1 € p(A), (A — AI)~! is bounded on its
domain, whence

lull = 11(A = AD™(A = ADull < [I(A = ADTHII(A = ADul|

for all u € X. This means A — Al satisfies the hypothesis of the lemma with C :=
||(AT11)—1||’ and thus A— AT has closed range, which means (A—AI)!is actually defined
on the whole X.

The second claim immediately follows.
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Exercise 1.28. Let X be a Banach space, 1 € C, and assume there is a sequence
(un)nen C X so that ||u,|| =1 and Au, — Au, — 0 as n — oo. Prove that 1 € g(A).

Solution. If towards a contradiction we assume that 1 € p(A), then A — Al is a
bijective bounded operator with bounded inverse, and this implies

1= [lunll < 1(A = AD7Y|[|Aun = Aun|| — 0
as n — oo, which is excluded. Thus 1 € o (A).

Exercise 1.38. Show that (V1)L = V for any subspace V C . Next, prove that
—1
V+ =V for any subspace V C H.

Solution. First, we note that (V)" is a closed subset that contains V. This already
implies that (V+)* > V. Conversely, let v € (V+)*. According to the orthogonal
decomposition theorem, we have a splitting
H=VaeV

and we can write v = vy + U9, U] € V, Uy € Vl. Since V C V, it follows that Vl c V4,
—1

and in particular v is orthogonal to V' . Hence (v, ve) = 0, and we get

0 = (v, v2) = (V1 + Vg, v2) = (v1, V2) + (Va, v2) = |lv2]|?

since (v1,vs) = 0. Thus vy = 0, meaning that v = vy € V. This proves (V1)L c V.

For the second equality, we first note that as V c V, we already have V' c VL. For
the reverse inclusion, let v € V*, Fix also x € V, and choose (x,),eny € V a sequence
converging to x. Asx, € Vand v € V* for all n € N, it follows that (x,,v) = 0 for all
n € N, and the continuity of the inner product now leads to

(v,x) = lim {x,,v) = 0.
n—>0oo

Thus v € VL, and this establishes the inclusion V+ C VL.

Exercise 1.40. Define the left and the right shift S, T: ¢2 — ¢2 by (Sw),, = Un+1
and (Tu); :=0, (Tu), :=uy-1,n > 1.
Show that S and T' are bounded, and compute ||S||, ||T'||. Determine S*, T, and find
0p(8), 0c(S), 07(8), 0p(T), 0c(T), 0-(T).

Solution. First of all if u € ¢? we have
I1Sull3 = > 1(Swhl* = > uner* = llullf - Jua® < flul}
n>1 n>1

so that ||S]| < 1. Moreover this inequality is an equality if u; = 0, whence in fact
IS]| = 1. The same reasoning gives ||T'|| = 1. Next, let u, v € ¢2. Since

(Su,v) = ) (Su),s,
n>1

2
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= > upuily

n>1

= Z UnUp-1

n>2

= Z un(Tv)n

n>1

= (u,Tv)

we see that S* = T. It also follows that 7% = (S*)* = S. We now turn to finding
spectrums of S and T'. Let u € ¢2 and A € C. Then

Su=Au<=Vn>1, up1=Au,

which inductively provides u, = A" 'u;, n € N. As u € ¢2, we must have 2>l lun|? <

00, L.e.
ur? > AP < oo

n>1

which implies |1]| < 1. Conversely, if |1| < 1, then A1 is an eigenvalue of S, because for
instance u = (1,1, 12,...) € ¢2 verifies Su = Au. This establishes that

0,(S)={leC: A <1}

is the open unit disk in the complex plane. By a result from the course, 0(S) must
contain the closure of the open unit disk, which is the closed unit disk. On the other
hand, each 1 € o(S) satisfies |[1| < ||S]|| = 1, so o(S) is contained in the closed unit
disk. Hence

o(S)={1eC: |1 <1}.

As also 0.(S) U 0,(S) = a(S) \ 0,(S), we deduce that
g.(8)Ua,(8)={leC:|A=1}=S!

is the boundary of the unit disk. Now let’s turn to 0,(S*) = 0,(T). For 1 # 0, the
equation Tu = Au is equivalent to 0 = Au; and u,,_1 = Au, for all n > 2. Hence u; =0,
and this in turn implies us = 0, ug = 0 and in fact u,, = 0 for all n > 1. Thus if 1 # 0,
it is not an eigenvalue. Likewise, A = 0 cannot be an eigenvalue, and we have then
0,(T') = 0. This allows us to determine the residual spectrum of S, because

0,(S)={AeC:1¢0,(S),Ae0,(8}
={leC:1¢0,(S),A€a,(T))}.

As 0,(T) is empty, it follows that 0, (S) = 0 as well. Henceforth it appears that
0.(8)={1eC: |1 =1}=S.
Likewise, 0,(T) = {1 € C:|A| < 1} and 0.(T) = S.

3
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Exercise 1.42. Let H be a complex Hilbert space, and A € B(H). Prove that if
(Au,u) =0 for all u € H then A = 0.

Solution. Let v, w € H and A € C. Then, from the assumption
0=(A(v+Aw),v+ Aw) = L{Aw, v) + 1{Av, w).

For the special value 1 = 1 we get (Aw, v) = —(Av, w) and for the special value 1 =1,
we end it up with (Aw, v) = (Av, w). Together these two conditions implies

(Av,w) =0

for all v,w € H. In particular fixing v € H and setting w := Av provides ||Av||? =
(Av, Av) = 0, whence Av =0 for all v € H. Thus A = 0.

An another way of proceeding is to use the assumption and the polarization identity
given in Exercise 1.45. This immediately yields to (Au,v) = 0 for all u,v € H, and we
conclude as above.

Lastly, note that it is essential for H to be a complex Hilbert space. For a counter
example in the real case one can consider H = R? and A the rotation by 5. A #0,but

clearly (Au,u) = 0 for all u € R2,

Exercise 1.45. Prove that if H is a pre-Hilbert space, then
1 2 2, - o2 2
(w,0) = 2 (llu+ 0l = llu = ol* +illu + v]” = iflu - v]%)
for any u,v € H. Next prove that if A is an operator on a Hilbert space H, then
1
(Au,v) = Z((A(u+v), u+v)y—(A(u-v),u—v)+i{A(u+iv),u+iv) —i(A(u—1iv), u—iv))

then for any u,v € H.
Solution. Expand directly the right-hand side of both equalities.

Exercise 1.46. Show that the subspace S(H) of symmetric operators is closed in
B(H). Show also that if S, B € S(H), then SB € S(‘H) if and only if SB = BS.

Solution. Take a sequence (A;),en € S(H), and suppose A, — A asn — .
Then

IA-A*=|A-A,+A, - A7
< [lA = Anll +1(An — A)7]]
= 2||A - Ayl

since A, = A,, and since ||S*|| = ||S|| for every bounded operator S. As [|[A-A,| — O
as n — oo, we obtain A = A*, and A is symmetric. This shows that S(#) is closed in

B(H).
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P

For the next claim, let S, B be two symmetric operators. If SB is also symmetric
then SB = (SB)* = B*S* = BS so B commutes with S. Conversely, if SB = BS, we
get that

SB =BS =B*S* = (SB)*

whence SB is symmetric, as wanted.
Exercise 1.48. Let A € 8(H) benormal,i.e. AA* = A*A. Prove that A is invertible

and has bounded inverse if and only if there exists a constant C > 0 so that ||Au|| >

C||lu|| for all u € H.
Hint : Prove first that A is normal if and only if ||Au|| = ||A*u|| for any u € H. Deduce
that a normal operator is injective if and only if it has dense range.

Solution. We start by proving the following result:

An operator A € B(H) is invertible if and only if it has dense range and there
exists C > 0 so that ||Aul|| > C||u|| for all u € H.

Proof. = : If A € B(H) is invertible, it has dense range, and
lull = |A™ Au|| < A7 Aul|

for any u € H, so we set C := m and we have the second condition.

&= : Conversely, if there is C > 0 so that ||Au|| > C||u|| for all u € H, then A has
closed range, as seen in Exercise 1.27. By assumption, Im(A) is also dense, so it follows
that Im(A) = H, and A is onto. Note lastly that injectivity is a consequence of the fact
that ||Au|| > C||u||, v € H. Thus A is injective, and then invertible. O

Next, we prove the hint. Observe that
lAull? - |A"ul|® = ((A"A - AA)u, u)

for all u € H. If A is normal, the right-hand side vanishes whence ||Au|| = ||A*u|| for
allu e H.

Conversely, if this condition holds for all u € H, we deduce ((A*A — AA")u,u) =0
for all u € H, and Exercise 1.42 provides A*A — AA* = 0. Thus A is normal. An
immediate consequence of this caracterization is that

Ker(A) = Ker(A™)

for normal operators. This implies Ker(A) = Im(A)*, and so Ker(A)* = (Im(A)*)* =
Im(A) by Exercise 1.38. Appealing the orthogonal decomposition theorem, we get

H = Ker(A) @ Ker(A)* = Ker(A) @ Im(A)

which means exactly that A is injective if and only if it has dense range.

We can now finish the exercise. As already seen, if A is invertible, setting C := m
guarantees ||Au|| > C||u|| for all u € H. Conversely this condition ensures injectivity

of A, which in turn ensures surjectivity of A by what we just proved. Hence A is
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invertible, and the boundedness of its inverse is a consequence of the open mapping
theorem.

Exercise 1.49. Prove directly that the eigenvalues (if any) of a symmetric operator

A € B(H) are real.

Solution. If 1 € C is an eigenvalue of A, then there is u # 0 so that Au = Au. We
compute

Mu,uy = (Au,u) = (Au, u) = (Au, u) = Mu, , u)
and dividing through by (u, u) = ||u||? # 0 leads A = 1. Thus 1 € R.

Exercise 1.57. Check that < is a partial order on the class of symmetric operators

on ‘H.

Solution. Let A, B,C € B(H) be symmetric. As the zero operator is positive, we
have A < A, so < isreflexive. If A < Band B < C, then C — B, B — A are positive. It
follows that

(C-Au,u)y=(C-Bu,u)+{(B-A)u,u) >0

for all u € H so C — A is positive, and < is transitive. Lastly, if A < Band B < A, we
have ((B-A)u,u) > 0and ((A-B)u,u) < Oforall u € H. This forces ((A-B)u,u) =0
for any u € H, and by Exercise 1.42 this implies A — B = 0, whence A = B. Thus < is
antisymmetric, and we are done.

Exercise 1.59. Deduce from the proof of Theorem 1.47 that if A is a positive oper-
ator, then o(A) C [0, ).

Solution. Theorem 1.47 already shows that 0(A) C R if A is symmetric. It thus
remain to exclude negative numbers from the spectrum. Let then 1 < 0. As in the
proof of 1.47, one has

I(A = ADull? = |Aul® - 2A(Au, u) + 2%|jull?

for all u € H. As now A is positive, (Au,u) > 0, so —2A{Au,u) > 0 for all u € H. We
then deduce that ||[(A — A1) u||? > A12||u||? for all u € H, and thus A € p(A). It follows
that 0 (A) c [0, ).

Exercise 1.64. Show that the above result is false if P and @ do not commute.

Solution. Consider two operators P and @ on C? given by
10 11
e=lo o) @=[i 1)

o . 1 1). . .
These two operators are positive, but their product PQ = (0 0) is not positive, as it

is even not self-adjoint.

Exercise 1.67. Prove that an operator P € B(H) is positive if and only if there
exists A € B(H) so that P = A*A.
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Solution. If P € B(H) is positive, it suffices to set A := VP to get A*A = P.
Conversely, if P = A*A, then

(Pu,u) = (A*Au,u) = (Au, AU) = ||Au|®> = 0

for all u € H, whence P is positive.

Exercise 1.68. Let A: ¢> — ¢2 be the double right shift, defined by (Au); =
(Au)g :=0and (Au), :=u,_9,n > 3.
Show that A is bounded and compute ||A||. Determine A*, and find 0,(A), 0.(A) and
o,(A). Is A positive? Find B: ¢2 — ¢2 so that A = B2. What can we conclude?

Solution. First of all, we have

lAull} = > 1(Aw)l? = > lun-al® = |}

nx1 n>3

for all u € ¢2, so A is bounded and ||A|| = 1. It is easy to check that the adjoint of A
is the double left shift A*: 02 —s ¢2, defined by (Au), = upso, n > 1, for any u € ¢2.
The same reasoning as in Exercise 1.40 shows that

o,(A)={1eC: A <1}
o.(A) =S, 0,(A) =0

and hence 0(A) = {1 € C : |1] = 1}. To conclude, A is not positive, as it is not
self-adjoint, but A = B? where B: ¢? — ¢? is the right shift. This shows that being
positive is only a sufficient condition to have a square root, and is not necessary.

2. Spectral theorem I

Exercise 2.6. Let S € B(H) be symmetric, and (E),cr be a corresponding spec-
tral family. Prove that for any P € R[X] and u,v € H, we have

M+e

(P(S)u,v) = / P(A) d{E u,v)

m

where the right-hand side is the Riemann-Stieltjes integral of P with respect to ¢(1) :=
(Epu,v).

Solution. It is enough to prove the identity in the case v = u, and the general case
follows from the polarization identity (Exercise 1.45).

Let u € H. First observe that the right hand side is well-defined, since 1 +—
(Eju, u) is of bounded variations. Indeed, if m, M are the lower and upper bounds of
S and if

m=Ay<A1<---<A,=M+¢
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P

is an arbitrary partition of [m, M + €], then

n

D KEyu,u) = By u,u)| = ) (Eyu,u) = By u,u)
k=1

k=1

= < Z(E){k — Egk_l)u, u>
k=1

= ((Em+e —En)u, u)
= [|ull®

since (E)))cr 1s increasing and Ejyy,. = Idy, E,, = 0. Now, fix a sequence of partitions
(ITy)en with |[TT;| — 0 as I — 0. Write explicitly

_ql _ ! I o_
m=A, <A} < <A, =M+e¢

the partition II;, to get
n
. l
(P(S)u,u) = <llggo ; P (Ey —Ey )u, u>

. l
= lim ; POA(Ey —Ey Ju,u)

ny
= lim ; P (Eyu,u) = (Ey u,u))

M+e
= / P(A) d{E u, u)

as claimed.

3. The spectral theorem for self-adjoint operators

Exercise 3.9. Let ¢ € L*(R) and consider the multiplication operator T': L?(R) —>
L%(R) defined as (Tu)(x) := ¢(x)u(x), x € R. Show that T is bounded and compute
its norm. Find 7", and determine under which condition 7' is symmetric.

Now, suppose that liIP |¢p(x)| = +oco. Show that T' is unbounded, and find its
X—>+00

domain. Find T*.

Solution. If ¢ € L*(R), we get that

ITull; = /R o) Pu(x)? dx < [1pl1%l1ull3
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for all u € L?(R), whence T is bounded and ||T'|| < ||¢|lc. Now let £ > 0. By definition
of ||¢||«, we may find a subset E C R of Lebesgue measure |E| > 0 so that |[¢(x)| >
|pllc — €. Set then u := —=1z, and observe that

VIE|
ITull; = /R |p() *lu(x)[? dx = (¢l — ) = (Iplleo — &)*[1ull3

which in turn implies ||T'u|| > ||¢||lc — €. As € > 0 is arbitrary, we get | T]| > ||¢||,
and we conclude that ||T|| = ||¢||. To continue, the computation

(Tu,v) = /R () (x)o(x) dx = 4 u(x) p(x)o(x) dx

valid for all u, v € L?(R), shows that the adjoint of T is given by T*: L2(R) — L2(R),
(T*u)(x) := ¢p(x)u(x). Then, it follows that T' is symmetric if and only if ¢(x) = P(x)
for all x € R, i.e. ¢ is R—valued.
Let us now suppose lirP |¢p(x)| = +00. The domain of T' is then
X—+00

Dr = {ue L*R): /R |p(x)[*u(x)|* dx < oo}.

Now let £ € N. By assumption, we can find a subset E; C R of Lebesgue measure
|Er| > 0 so that |¢(x)| > & for a.e. x € Ej. Let then uy, := #lEk to get

VIE|
ITull3 = /R |p(x) [Plur|? dx > B = B?|luy I3

for every k£ € N. Hence ||T'|| > & for all £ € N, and T' is unbounded.

We now claim that Dy« = Dp and that T%v = av for all v € Dyp-. First of all,
if v € Dy, the mapping u — (Tu,v) is bounded on D7, by the Cauchy-Schwarz
inequality. This already proves v € Dr-, and additionally

(Tu,v) = /R $(x)u(x)o(x) dx = /R u(x) P (x) dx = (u, Po)

whence T"v = Ev on Dr. It remains to prove D C Dyp. Let then v € Dyp+, so that
(Tu,v) =(u,T"v)

for all u € Dr. This last equality can be written as
/ u(x)p(x)v(x) dx = / u(x)T*v(x) dx
R R

for all u € Dyr. Thus (u,@v_— T*v) = 0 for all u € Dy and as the latter is dense in
L2%(R), it follows that T*v = ¢pv and D« C Dr.

9
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Exercise g.11. Show that U, V are both bounded, unitary and satisfy U? = Idggy =
—V2. Show that U preserves the inner product on H @& H, and that for any subspace
X cHoH,wehave V(X)) = V(X)L

Solution. That U,V are bounded and satisfy U? = Idygy = —V?2 follow from the
definition. We prove that V is unitary, and the proof for U is similar. Let (u,v), (z,w) €
H @& H, and write

<V(u’ U)’ (Z, lU)> = <(U, —LL), (27 w)>
=(v,2) — (u,w)

= <(ua 0)7 (_w’ Z))

to deduce that V*(u,v) := (-v,u), u,v € H, is the adjoint of V. Hence V* = -V = V1,
and V is unitary. To continue, U clearly preserves the inner product of H & /. Lastly,
fix X c HoH. Firstlet (u,v) € V(X?'), and write (u,v) = V(z,w) = (w, —z) for some
(z,w) € X*+. Now if (s, t) € X, then

<(u7 U),V(S, t)> = <(w’ _2)7 (t7 _S)> = <w7 t) + <Z7S> = <(Z7 LU), (S, t)> =0

as (s,t) € X and (z,w) € X*. This proves that V(X+) c V(X)*, and the reverse
inclusion is similar.

Exercise 3.19. Let T': Dy — H be densely defined.
(i) Show that T is closable if and only if 7" is densely defined, and that in this case
T =T
(i1) Show that if T' is densely defined and closable, then (7')* = T™.

Solution. (i) Suppose first that T is closable, i.e. there is an operator S with T C S
and Gs = Gr. Then S* c T* and in particular Dg- C Dr-. Now S is densely defined
(because its domain contains Dy which is already dense by assumption) and closed,

so Theorem 3.13 ensures that Dg- is dense, and thus Dr- is dense as well. Hence T
1s densely defined.

Conversely, suppose T* is densely defined. This guarantees that 7" := (T™)* exists.
Now using Lemma 3.12 we compute that

Gr- = Gy = V(Gr)* =V(Gr)* = V(G3.) =V(V(Gr)) = -Gr = Gr

using that the graph of 7" is closed (by Proposition 3.8), that V preserves orthogonality,
that V2 = —Idygw (Exercise 3.11) and that G is a subspace. Hence T is closable and
T=T"".

(11) We directly compute that
G 7). = V(Gp)*t =V (G =V(Gr)" =Gr-

using Lemma 3.12 and that T is closed. Hence (T)* = T* as claimed.

10
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Exercise 3.24. Let H = L?(R), and H: Dy — H, Dy := Cy(R), H := d”

A
(1) Prove that H is symmetric.
. 2 .
(11) Prove that H* = —% on the domain

Dy-={veH:ve CI(R), v' € AC[a,b] forany —co <a <b < +c0, v’ € Lz(R)}-

Hint: To prove the inclusion of Dg- into the right-hand side, think to Du-Bois Rey-
mond’s lemma.
(111) Is H self-adjoint? essentially self-adjoint?

Solution. (i) Dy, is dense in H = L2(R), and for all u, v € Dy one has

(Hu,v) = ‘/R—u"(x)m dx = Au(x)—v”(x) dx = (u, Hv)

integrating by parts twice and using that u, v vanish at infinity. By Lemma 3.16, H is
symmetric.

(11) Let
D:={veH:veCR), v e AC[a,b] forany — o < a < b < +o0, v” € L*(R)}.

First, let v € D. Then
(Hu,v) = / u(x)—v”(x) dx = (u, —v")
R

for any u € Dy, whence |(Hu,v)| < ||ul]|||[v”]|| for any u € Dy by Cauchy-Schwarz.
Thus v € Dy+ and as
(u,H*v> = (Hu,v) = <u7 _U”>

for all u € Dy which is dense, we must have H*v = —v” on 9. Hence D C Dy+ and

2
H* :—% on D.

Conversely, let v € Dy+. Then the function

p(x) = /Ox /OyH*v(z) dzdy

is in C1(R), in AC[0, 1] and ¢” = H*v € L?(R). In other words, ¢ € D. Moreover, for
any u € Dy we also have

[~ @ e = (o) = (o) = (g = [ g
R R
and it follows that

/ u(x)p(x)+v(x)dx=0
R

for all u € Dy. By the Du-Bois Reymond lemma, there exist ¢y, c1 € C so that v(x) =
@(x) + c1x + cg, and thus v € D as well. Hence, D+ € D and we are done.

11
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(i11) H cannot be self-adjoint, as its domain and the domain of its adjoint do not coin-
cide. However, it is in fact essentially self-adjoint. To prove this, we make use of Theo-
rem 3.22, and it is enough to prove that Im(H +:I), Im(H —iI) are dense in H. Equiv-
alently, we show that Ker(H + i) and Ker(H — iI) reduce to {0}. If u € Ker(H + i),
then

U =1iu.

Solving this differential equation provides two independent solutions

) (1 +1 ) ) ( 1+ )
ui(x) =exp | —=x|, ui(x) =exp| — x).
V2 V2
Since neither belong to L%(R), we conclude indeed that Ker(H+iI) = {0}, and similarly
for the second kernel. Thus H is essentially self-adjoint.

4. Applications to quantum mechanics

Exercise 4.1. Check that U € B(H) is unitary if and only if U is surjective and
(Uu,Uv) = (u,v) for all u,v € H. Is the surjectivity assumption really necessary?
Deduce that a unitary operator has norm 1.

Solution. First, if U is unitary, then in particular U*U = Id¢; and thus
(Uu,Uv) — {u,v) ={U'Uu,v) — (u,v) = ((U'U - Idg)u,v) =0
for any u,v € H. We deduce that (Uu,Uv) = (u,v) for all u,v € H.

Conversely, note that preserving the inner product forces U to be injective, and
thus invertible, and additionally

(U'U -1d)u,v) = (Uu,Uv) —(u,v) =0
for all u,v € H, whence U*U = Idg by Exercise 1.42. Next observe that
U (UU"U =(U'U)(UU) =1dyy =U'U

and multiplying from the left by (U*)~! and from the right by U~ provides UU* = Id,.
It follows that U is unitary, and also easily that U has norm 1.

The surjectivity assumption is crucial. Indeed the right shift A on ¢2(N) preserves
the inner product, but is not surjective, as any sequence whose first coordinate is not 0
does not lie in its image. On the other hand, it is not a unitary operator as its adjoint
A* is the left shift and that the composite AA* is not the identity on £2(N).

Exercise 4.3. Show that a one-parameter unitary group (U;):cr 1s strongly con-
tinuous if and only if it is weakly continuous.

Solution. Using the continuity of the inner product in the first variable (Exer-
cise 1.17), it follows easily that a strongly continuous one-parameter unitary group is
weakly continuous.
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Let us show the converse. Suppose ¢, — t*, where (¢,),en € R and t* € R. Let
u € H, and write

||Utnu - Ut*u

% = ||U;, ull® + ||Upul||® — 2Re{U;, u, Upu) = 2||ul|? — 2Re(U;, u, Upu)

using that Uy, U, , n € N, are unitary. As t — (U;u, Upu) is continuous from R to C
by assumption, (U; u, Us-u) converges to ||Uy-u||® = ||u||? as n — oo. Henceforth

| = 2lju)l* - 2||ul* = 0

lim ||U;,u — Upu
n—oo

and thus U; u — Upu as n — oo. This shows that ¢ — Uju is continuous, and thus
(Uy)ter 1s strongly continuous.

Exercise 4.4. For a € R, let U,: L2(R) — L?(R), (U,f)(x) = f(x — a). Show
that (U, )qcr 18 a strongly continuous one-parameter unitary group.

Solution. Clearly, Uy = Id;2 ) and if a,a’ € R, f € L?(R), then
Ua(Uof)(x) = (Unf)(x—a)=f(x—a-a) =f(x—(a+a’)) = (Us+af)(x)

for any x € R, whence U,U, = U, for all a,a’ € R. In particular, if a € R, U, is
invertible (its inverse is U_,) and it is thus enough to prove its preserves the inner
product on L?(R) to prove it is unitary. Let then f, g € L?(R), and note that

(Uaf Unig) = /R (Uaf) () (Uag) @)
- /R Flx—a)g(x —a) dx

= /Rf(y)@ dy
={f,8)

by a change of variable. Hence (U, ).cr is a one-parameter unitary group.

Let us now check the strong continuity. Let f € L2(R), a € R and (a)neny C R so0
that a, — a. Let € > 0. As continuously differentiable compactly supported functions
are dense in L?(R), we may find g € C'(R) supported on a compact set K C R so that

If - gliz <e.

Now we write
\Uaf - Uaf 2 = /R Fx—an)  fx - a)? dx
sA|f<x—an>—g<x—an>|2 dx+A|g<x—an>—g<x—a)|2m
+Alg(x—a)—f(x—a)lzm
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for all n € N. The first and last integral are bounded by £. On the other hand, by the
mean value theorem, we may write

g(x —az) —g(x - a)|* = |g'(¢)*|an — a?

for some c between a, and a, and as g € C1(R), its derivative g’ is continuous on the
compact K, therefore bounded, and there is C > 0 so that

lg(x —ay) — g(x —a)|* < Clay —al®, n e N.

Thus, the second integral above is bounded by C|K||a, — a|?, and since a, — a as
n — oo, it follows that
,}1_{20 ”Uanf - Uaf”% < 2e.

Since € > 0 was arbitrary, we deduce that U, f — U,f asn — oo, and (Ug)qer 18
strongly continuous.
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